The principle of representing continuous complex-valued functions by their decomposition into three positive-valued ones is proposed for the generation of complex reference functions for a joint transform correlator. Three basic approaches involving coherent and incoherent superposition of the component functions are analyzed. The potentials and limitations of the techniques are discussed.
Introduction
One can usually implement a joint transform correlator (JTC) 1 by using positive inputs and references. Earlier work has indicated that the projection of complex-valued reference functions onto the input plane can enhance the performance of these correlators. 2 4 Unfortunately, with current technology only holographic methods are available for implementing complex-valued functions. These are inconvenient because of the large space-bandwidth product required and the need to work off axis with limited diffraction efficiency.
The decomposition of a complex function into positive-valued functions has been proposed in the past for incoherent processing 5 and used in the encoding of computer-generated holograms. 6 In this paper we propose to generate continuous complex reference functions for the JTC that employs a three-component decomposition.
Three planes are distinguished in the JTC, namely, the input plane where the target and reference function are placed, the Fourier plane where the joint transform hologram (JTH) is recorded, and the output or correlation plane. On each of these planes it Accordingly, three basic techniques are presented and compared in what follows. The first involves coherent superposition of the component real functions at the input plane to obtain a single joint spectrum. The second is the incoherent addition of joint spectra obtained with the component functions, whereas in the third method the correlations with the three-component functions are superposed.
The theoretical basis and methodology are described in Section 2, whereas computer simulations and preliminary experiments are presented in Section 3. Discussion and conclusions are given in Section 4.
Theory and Procedures
The basic idea behind our procedure is to generate a complex wave front by the superposition of phaseshifted real functions. It is well known that any complex function h(x, y) = I h(x, y) I exp[+(x, y)] can be decomposed, in the complex plane, into two real functions, h 1 (x, y) and h 2 (x, y), along two orthogonal directions. However, since we assume that only positive values can be produced with transparencies, this procedure must be modified.
One possibility to implement a full complex-valued reference function, using only two positive functions with a constant phase difference between them, is to reduce the dynamic range of the component functions by adding a bias [ Fig. 1(a) ]. Unfortunately, such a bias is also transferred to the correlation plane of a JTC leading to a substantial degradation of the signal-to-noise ratio. A better alternative is to consider the decomposition into three positive functions [ Fig. 1(b) ], to be superposed later with constant phase differences:
The function h(x, y) can be generated by the three real and positive components using coherent superposition in an interferometerlike setup. We show in
. Subsections 2.B and 2.C that in a JTC the procedure can also be implemented by incoherent superposition.
A. Superposition at the Input Plane
The complex function can be generated through coherent superposition of the wave fronts that come from the component functions in an interferometric arrangement, as indicated in Fig. 2 
where (+ 2 = 2r/3 and 4)3 = 4rr/3 are the phase differences among the arms of the interferometer, and b is the in-plane separation of f and h. Recording this field in a square-law detector yields the joint spectrum off and h. Note that not only the reference can be made complex, but also the object function f.
B. Superposition at the Fourier Plane
The interesting region of the output plane in a classical JTC is the cross correlation, f * h, of the input (f) and the reference (h). Suppose we place h 1 in the input plane, together with f, register the Fourier plane intensity pattern, and proceed in the same way with h 2 and f. If we sum both spectra (incoherent superposition) and perform the FT of the result, we obtain the correlation f * (h + h 2 ) at the output plane. This follows from the linearity of the FT, as is also discussed below.
To apply the above property to an arbitrary complex function h, we decompose it as in Eq. (1). Each component can be presented separately, with its corresponding phase, at the input of a JTC together with the input function f(x, y). For example, if we place h 2 (x, y)exp(i27r/3) at a distance b from f(x, y), we obtain, in the Fourier plane, the intensity distribu- (3) where IFIexp(i4)F) and H 2 1exp(i4) 2 ) are the FT's of f(x, y) and h 2 (x, y), respectively. Proceeding in the same way with h 1 and h 3 
We obtained the complex amplitude distribution over the output plane of the JTC by performing a FT of the expression in Eq. (4):
where we have used the hermitic property of the FT and the fact that the FT of F*H equals [f * h](x, y).
* and * are the symbols for correlation and convolution, respectively. Substituting Eq. (1) into Eq. (5) yields the last and desired result:
It is important to note that the last two terms of Eq. + C 3 (x, y)exp~i3) (8) The implementation of this procedure, however, is difficult, and a much simpler procedure consists of separate detection of the three correlations 
Superposition at the correlation plane with two composing functions for the specific case of a circular harmonic expansion filter has been proposed by Yu et al. 7 D. Optical Implementation
All component functions hi are real and positive and thus may be displayed on spatial light modulators (SLM's) or as transparencies.
For coherent superposition at the input plane, it is possible to use the configuration of Fig. 2 (a) to achieve separate optical paths for the transparencies. The path differences can be adjusted by placing the mirrors on piezoelectric transducers or by inserting transparent plates or electro-optic materials to produce the constant phase shifts required. Consequently the system will behave as if the input reference were the complex function h(x, y).
The same architecture is also convenient for incoherent superposition at the Fourier plane for which only two arms are needed. Figure 2(b) depicts a possible setup. Alternative placement of the hi's on the same channel, while the object function is on the other channel, yields three different JTH's [see Eq. (4)] that can be digitally recorded and added in a computer. Before each recording, a X/3 shift is performed with the piezoelectric mirror. Displaying the result on a SLM in a FT system gives the correlation of target f and reference h (now a complex function) and other terms as seen from Eq. (6). A regular JTC configuration can also be used when the phase lags are obtained with phase plates.
Alternatively, a simple approximate implementation can be obtained under the assumption that the distance b between the input and the filter is big enough compared to their dimensions along the separation axis. Three regular JTH's produced with f and hk (k = 1, 2, 3) are digitally recorded. The JTH corresponding to f and h 2 is translated a distance 1/3b in the spatial frequency domain, leading to
The JTH of f and h 3 is translated in the same way to 2/(3b) and the three spectra are added. To see the final result we calculate the FT of one of the translated JTH's:
y)exp[-i(2 )y] * h(x, y)exp[ -i(j)Y + f(-x, -y)exp [i( )] * h(-x, -y) x exp[i( )Y] * 8(x,y + b)exp(-i 3) + f(x, y)exp [-i( )y * h(xy)
The FT of the three superposed JTH's will contain two correlation terms, one of which is
If 3b >> 4a, where 2a is the maximum width of the input and filter, the linear phase factors can be neglected, leading to f * h as expected. In other words, the error can be neglected if the IFIIHkI function variations are small compared to the spatial frequency of the fringes. In this way we take advantage of the optical FT to obtain the spectra, whereas the needed digital operations are simple and fast.
Laboratory and Simulation Experiments

A. Coherent Superposition
To demonstrate the feasibility of the procedure described in Subsection 2.A, a particular case of complexvalued function, a bipolar function was implemented. It consists of two slightly shifted delta functions with a 7r phase difference. It can be shown that correlating a two-dimensional function with such a reference results in a one-dimensional edge enhancement (see also Section 4). We demonstrate the implementation of the real bipolar-valued reference function, in this example, by decomposing the reference into two different positive-valued delta functions. Each of them is placed in a different channel of the interferometer shown in Fig. 2(a) , and the superposition is performed coherently. In principle, the two delta functions could be implemented by using pinholes but, for the sake of light efficiency, small lenses were used to transform part of the beams in each interferometer arm into an approximate point source (delta function) at its focal plane. Optically this focal plane must coincide with the input plane. Only half of the input space is available in a JTC, so the lenses must have less than half of the dimension of the optical aperture. The proper phase difference is adjusted by the piezoelectrically mounted mirror, and the relative displacement of the point sources is chosen to obtain the desired resolution on an edge-enhanced image.
Once the adjustment of the particular reference function is completed, the input function may be inserted and varied in real time if SLM's are em- of the delta functions. The joint transform spectrum with the two point sources present is the coherent superposition of two interference patterns. A moir6 pattern is generated, which causes selective cancellation of the information not associated with the edges. The edge enhancement of the object is thus obtained after reconstruction as shown in Fig.   3(b) .
If the recording of the JTH is not linear, some interesting effects may occur. For example, overexposure, which results in saturation, leads to the reconstructed image shown in Fig. 4(a) . The sharp bright line that marks the edge is replaced by a sharp dark line between two bright lines. This nonlinear effect was modeled and the simulated result is shown in Fig. 4(b) .
B. Incoherent Superposition
The experiments described in Subsection 3.A were repeated with the incoherent method described in Fig. 5(h) . As expected the letter E produces a correlation peak independent of the angular position, whereas the letter T produces a much lower and dispersed correla- tion. This result can be compared to the exact solution shown in Fig. 6(d) to note the similarity in spite of the fact that the target and reference were relatively close.
Incoherent superposition at the output plane was performed with the same inputs as in Figs. 5(a)-(c) . 
Discussion and Conclusion
The three approaches investigated have their relative advantages and disadvantages. The superposition at the Fourier plane needs only two arms in the interferometer, which reduces alignment and stability problems. However, the procedure requires wellbalanced multiple exposures and digital postprocessing that is not so suitable for real-time applications.
The approximate implementation discussed in Subsection 2.D is adequate for most applications, but at the expense of partial loss of shift invariance in one direction.
Coherent superposition at the input plane, on the other hand, is implemented in real time, but the optical system is more complicated and subject to alignment problems and interferometric noise.
Incoherent superposition at the correlation plane is probably the most robust technique, since no precise phases or translations are needed. The digital processing is simple but still more complex than in the other techniques.
Preliminary results of a bipolar filter for edge enhancement and a CHC reference function for JTC applications are promising. The principle can be extended beyond the JTC applications. For example, the third method described in Subsection 2.D in its coherent and incoherent form can be adapted to the 4f correlator with the same bandwidth advantage.
In conclusion, new methods for continuous com-plex function generation for a JTC have been proposed. The techniques presented may be considered as a class of holographic representations with no reference beams. They have the potential to develop or emulate complex continuous wave fronts in an on-axis configuration at the input plane. As opposed to classical holography for which higher orders are obtained, only a zero order is attained in this case, reducing the space-bandwidth requirements of the recording media. The filter decomposition into three functions reduces the noise at the output, as compared to the decomposition into two functions, and saves memory space and time as compared to the decomposition into four functions. Since the component functions are real, SLM's can be used and thus computer control of the process can be implemented.
